I
The algebraic structure of the spaces of polyvector fields and of polydifferential operators on a manifold play a crucial role in deformation quantization: Kontsevich's famous formality theorem asserts that, for a smooth manifold M , the Hochschild-Kostant-Rosenberg map extends to an L ∞ quasi-isomorphism from the dgla of polyvector fields on M to the dgla of polydifferential operators on M [17, 33, 10, 7, 8] .
In this paper, we study the algebraic structures of "polyvector fields" and "polydifferential operators" on Lie pairs. Throughout the paper, we use the symbol k to denote either of the fields R or C. A Lie algebroid over k is a k-vector bundle L → M together with a bundle map ρ : L → T M ⊗ R k called anchor and a Lie bracket [−, −] on the sections of L such that ρ : Γ(L) → X(M ) ⊗ R k is a morphism of Lie algebras and
for all X, Y ∈ Γ(L) and f ∈ C ∞ (M, k). By a Lie pair (L, A), we mean an inclusion A → L of Lie algebroids over a smooth manifold M .
Lie pairs arise naturally in a number of classical areas of mathematics such as Lie theory, complex geometry, foliation theory, and Poisson geometry. A complex manifold X determines a Lie pair over C: L = T X ⊗ C and A = T 0,1 X . A foliation F on a smooth manifold M determines a Lie pair over R: L = T M and A = T F is the integrable distribution on M tangent to the foliation F . A manifold equipped with an action of a Lie algebra g gives rise to a Lie pair in a natural way (see [31, Example 5.5] and [25, 21] ).
Given a Lie pair (L, A), the quotient L/A is naturally an A-module. When L is the tangent bundle to a manifold M and A is an integrable distribution on M , the infinitesimal A-action on L/A is given by the Bott connection [6] .
A Lie pair (L, A) gives rise to two natural cochain complexes
For a Lie pair (L, A) over R, these two complexes can respectively be regarded as replacements for the spaces of formal polyvector fields and of polydifferential operators on the fibers of the map of differentiable stacks X A → X L associated to the Lie pair (L, A). Here X A and X L denote the differentiable stacks determined by the local Lie groupoids integrating the Lie algebroids A and L, respectively. For instance, if L is the tangent bundle to a connected manifold M and A is the distribution T F tangent to a foliation F of M , the stack X A is the leaf space of the foliation F while the stack X L is simply the one-point space.
The cochain complexes (1) are constructed as follows. Denoting the algebra of smooth functions on the manifold M by R, we set T 
Similarly, we set D 
For instance, for the Lie pair L = T X ⊗ C and A = T 0,1 X arising from any complex manifold X, the cochain complexes (2) and (3) associated with the Lie pair (T M , T F ) encoding a foliation F on a smooth manifold M may be thought of as the space of formal polyvector fields on the leaf space of the foliation [35, 36] , or more precisely, on the differentiable stack presented by the holonomy groupoid of the foliation F . Similarly, the cochain complex tot Ω • F (
H may be thought of as the space of formal polydifferential operators on the leaf space of the foliation, or more precisely, on the differentiable stack presented by the holonomy groupoid of the foliation F . Unless the foliation F admits a transversal foliation, there are no obvious dgla (or L ∞ algebra) structures on these cochain complexes.
admit obvious associative algebra structures -the multiplications in cohomology proceed from the wedge product in T • poly and the tensor product of left R-modules in D • poly . We are thus naturally led to the following central twofold question:
Question.
(1) Do the two cochain complexes To answer this question, we introduce the notion of Fedosov dg Lie algebroid, we establish a pair of contractions, and we apply the homotopy transfer theorem of L ∞ algebras [4, 16, 14] (see also [1, 13, 5, 11, 12] ). Roughly speaking, given a Lie pair (L, A), we construct a geometric object called Fedosov dg Lie algebroid, which engenders a pair of natural dgla's whose cohomologies carry natural Gerstenhaber algebra structures. The pair of cochain complexes underlying these engendered dgla's are homotopy equivalent (in a style reminiscent of Dolgushev's Fedosov resolutions [10] ) to the cochain complexes (1) associated with the Lie pair (L, A). The latter complexes then inherit L ∞ structures by homotopy transfer.
Hereunder, we proceed to give a more detailed outline of the construction.
Given a Lie pair (L, A) and having chosen some additional geometric data, one can endow the graded manifold M = L[1] ⊕ L/A with a structure of dg manifold (M, Q), called Fedosov dg manifold [32] . It turns out that there exists a natural dg integrable distribution F ⊂ T M on (M, Q). In other words, the tangent dg Lie algebroid T M → M arising from the Fedosov dg manifold (M, Q) admits a natural dg Lie subalgebroid F → M. We call this dg Lie algebroid F → M a Fedosov dg Lie algebroid.
Lie algebroids being generalizations of tangent bundles, the notions of polyvector fields and of polydifferential operators admit generalizations to the broader context of Lie algebroids. The spaces of (generalized) polyvectors fields and of (generalized) polydifferential operators each admit a natural dgla structure and the cohomology of this dgla is in fact a Gerstenhaber algebra [37, 38] . The notions of polyvector fields and of polydifferential operators can be extended further in an appropriate sense to the context of dg Lie algebroids. This yields again a pair of dgla's whose cohomologies are Gerstenhaber algebras.
More precisely, in the context of a dg Lie algebroid L → M, a k-vector field is a section of the vector bundle Λ k L → M while a k-differential operator is an element of U(L) ⊗k , the tensor product (as left C ∞ (M)-modules) of k copies of the universal enveloping algebra U(L).
It is clear that the homological vector field
, and the Lie bracket on Γ(L) encoding the dg Lie algebroid structure of L → M extend naturally to a degree
The universal enveloping algebra of a dg Lie algebroid L → M, which is defined by adapting the construction of the universal enveloping algebra of a Lie algebroid, is a dg Hopf algebroid U(L) over the dga C ∞ (M). For each k 0, the dg structure on the dg Lie algebroid
can be defined explicitly in terms of the dg Hopf algebroid structure. The resulting triple
The "polyvector fields" and "polydifferential operators" associated with a Fedosov dg Lie algebroid F → M may be viewed geometrically as polyvector fields and polydifferential operators tangent to the dg foliation F on the Fedosov dg manifold (M, Q). In fact, one can identify the "polyvector fields" Γ(Λ •+1 F), Q and "polydifferential operators"
where T • poly denotes the formal polyvector fields and D • poly the formal polydifferential operators tangent to the fibers of the vector bundle L/A → M . The next step and key ingredient of the construction consists in establishing the following pair of contractions of Dolgushev-Fedosov type:
Finally, we use the homotopy transfer theorem for L ∞ algebras [4, 16, 14 ] -see also [1, 13, 5, 11, 12] -to push the L ∞ structures carried by the complexes (4) (the r.h.s. of the contractions) to the complexes (1) (the l.h.s. of the contractions). Furthermore, we prove that the resulting L ∞ algebra structures on the complexes (1) are unique up to L ∞ isomorphisms having the identity map as linear part and are therefore (essentially) independent of the choice of geometric data made in the construction of the Fedosov dg Lie algebroid.
Thus we prove the following theorem -the main result of the paper.
Theorem A. Let (L, A) be a Lie pair. 
poly in Theorem A turn out to be dgla's and admit a much simpler description than in the case of a generic Lie pair. Indeed, in the case of a matched pair, the dg manifold
A ) is a dg Lie algebroid over the dg manifold (A [1] , d A ) whose associated cochain complexes of polyvector fields and polydifferential operators are easily seen to be isomorphic to tot Γ( 
are actually dgla's and are respectively isomorphic to 
respectively.
The present paper provides the foundations for an ulterior paper [22] establishing a formality theorem for Lie pairs and an ensuing Kontsevich-Duflo type theorem identifying the Gerstenhaber algebra structures on H 
where R is the algebra of functions on the base manifold M . It is computed as the hypercohomology in degree k of the double complex
When we say that the above diagram is a double complex, we mean in particular that each square of the grid commutes. Hence the hypercohomology is the cohomology of the complex
Recall that, the degree of the operator d being +1, the usual sign convention for the tensor product of linear maps in the presence of gradings dictates that Since the comultiplication ∆ is coassociative, the Hochschild operator
poly is a morphism of U(A)-modules. Therefore, the Hochschild complex
The Chevalley-Eilenberg cohomology in degree k of the Hochschild complex of the pair (L, A), which is defined as H
can be computed as the degree k hypercohomology of the double complex
..,r} is any local frame of A and (α j ) j∈{1,...,r} is the dual local frame of A ∨ . In other words,
is the cohomology of the total complex
where we use the abbreviated symbol d H to denote the operator id ⊗d H . See Equation (5) for the sign convention used in the definition of the map id ⊗d H .
However, unlike the universal enveloping algebra of a Lie algebroid, D 0 poly is in general not a Hopf algebroid over R (in fact, D 0 poly is not even an associative algebra). Therefore, a priori, the Hochschild cohomology is only a vector space. The following proposition is, however, quite obvious.
Lemma 1.2. For any Lie pair (L, A), there is a dg associative algebra structure on tot Γ(Λ
• A ∨ ) ⊗ R D • poly , d U A + d H ,
whose multiplication stems from the tensor product of left
is an associative algebra.
poly denote the algebra R of smooth functions on the manifold M and set Its Chevalley-Eilenberg cohomology in degree k
is computed as the degree k hypercohomology of the double complex
Here (a i ) i∈{1,...,r} is any local frame of A and (α j ) j∈{1,...,r} is the dual local frame of A ∨ .
Again, a priori, H
is only a vector space. We have the following
is a dg associative algebra, whose multiplication stems from the wedge product in T • poly . Therefore, the hypercohomology H Below we recall some basic notations regarding dg vector bundles. For details, see [28, 29, 18] . A dg vector bundle is a vector bundle in the category of dg manifolds. Given a vector bundle E π → M of graded manifolds, its space of sections, denoted Γ(E), is defined to be j∈Z Γ(E) j , where Γ(E) j consists of degree-j sections, i.e. maps s ∈ Hom(M, [28, 29] for more details. When E → M is a dg vector bundle, the homological vector fields on E and M naturally induce a degree (+1) operator Q on Γ(E), making Γ(E) a dg module over C ∞ (M). Since the space Γ(E ∨ ) of linear functions on E together with the pull-back of C ∞ (M) generates C ∞ (E), the converse is also true (see [30] ).
A dg Lie algebroid is a Lie algebroid object in the category of dg manifolds. For more details, we refer the reader to [29, 28] , where dg Lie algebroids are called Q-algebroids. It is simple to see that if M is a dg manifold, then T M is naturally a dg Lie algebroid.
One can make sense of "polyvector fields" and "polydifferential operators" on a dg Lie algebroid just as one does for ordinary Lie algebroids. More precisely, a k-vector field on a dg Lie algebroid L → M is a section of the vector bundle Λ k L → M while a k-differential operator is an element of U(L) ⊗k , the tensor product (as left C ∞ (M)-modules) of k copies of the universal enveloping algebra U(L).
It is clear that the differential Q : Γ(L) → Γ(L) and the homological vector field Q :
and the Lie algebroid structure on L yields a Schouten bracket
(1) When endowed with the differential Q, the wedge product, and the Schouten bracket, the space of
is a differential Gerstenhaber algebra -whence a dgla. (2) When endowed with the wedge product and the Schouten bracket, the hypercohomology
is characterized by the identities
where the symbol · denotes the multiplication in U(L). We refer the reader to [38] for the precise meaning of the last equation above. Explicitly, we have
, which is compatible with both the algebra and coalgebra structures on U(L). Indeed, U(L) is a dg Hopf algebroid over the dga R := C ∞ (M). As a consequence, it determines a differential Q :
and Gerstenhaber bracket
can be defined by the following explicit algebraic expressions:
and
is defined by
We refer the reader to [38] for the precise meaning of the product
appearing in the last equation above. 
Fedosov dg manifolds.
In this section, we recall the basic construction of Fedosov dg manifolds of a Lie pair. For details, see [32] .
Let (L, A) be a Lie pair. We use the symbols B to denote the quotient vector bundle L/A and r to denote its rank.
Consider the endomorphism δ of the vector bundle
for all ω ∈ ΛL ∨ and J ∈ N r . Here {χ k } r k=1 denotes an arbitrary local frame for the vector bundle B ∨ , the symbol e m denotes the multi-index (0, · · · , 0, 1, 0, · · · , 0) having its single nonzero entry in m-th position, and
The operator δ is a derivation of degree +1 of the graded commutative algebra Γ(Λ • L ∨ ⊗ŜB ∨ ) and satisfies δ 2 = 0. The resulting cochain complex
deformation retracts onto the trivial complex
Indeed, for every choice of splitting i
and its dual 0
, and
where the homotopy operator
denotes the local frame for B dual to {χ k } r k=1 . Note that the operator h is not a derivation of the algebra Γ(Λ • L ∨ ⊗ŜB ∨ ). Also, we note that hτ = 0, σh = 0, and h 2 = 0.
Let ∇ be an L-connection on B extending the Bott A-connection [9] . It is simple to see that ∇ is torsion free if and only if δd
Consider the four maps δ , σ , h , and τ
, and b ∈ Γ(B). 
satisfying h (X ∇ ) = 0 and such that the derivation
is a dg manifold, which we call a Fedosov dg manifold associated with the Lie pair (L, A). The Fedosov dg manifold (M, Q) of Theorem 2.5 was also obtained independently by Batakidis-Voglaire [3] in the case of matched pairs.
In order to study the dependence of the above construction on the involved choices, it is useful to review a different description of the Fedosov dg manifold, which can also be found in [32] . As shown in [19, 20] (see also [32, §1.4] , the choice of a splitting j : B → L of the short exact sequence 0 → A → L → B → 0 and of an L-connection ∇ on B extending the Bott A-connection determines a Poincaré-Birkhoff-Witt isomorphism of filtered C ∞ (M )-coalgebras
.
by left multiplication, and an induced flat L-connection ∇ on SB given by
for all l ∈ Γ(L) and s ∈ Γ(SB). Moreover, for every l ∈ Γ(L), the covariant derivative ∇ l is a coderivation of the C ∞ (M )-coalgebra Γ(SB).
Dualizing, we obtain an L-connection onŜB ∨ , which we continue to denote by ∇ . Furthermore for every l ∈ Γ(L) the covariant derivative ∇ l is a derivation of the C ∞ (M )-algebra Γ(ŜB ∨ ). Finally, this latter fact implies that the induced Chevalley-Eilenberg differential 
. It is naturally a vector subbundle of
Alternatively, denote by T vertical B → B the formal vertical tangent bundle of the vector bundle B → M , which consists of all formal vertical tangent vectors of B. Then Γ(B; T vertical B) ∼ = Γ(ŜB ∨ ⊗ B). Indeed T vertical B is a double vector bundle [24] , which is isomorphic to B ⊕ B. Consider the projection pr : Proof. It is simple to see that F → M is a Z-graded Lie algebroid. It suffices to show that F admits a dg manifold structure compatible with the Z-graded Lie algebroid structure. According to the observation above, it suffices to prove that Γ(M; F) is a dg module over
, where X vertical (B) denotes Γ(B; T vertical B), the space of formal vertical vector fields on B.
From Equation (10), it follows that
, and X ∈ X vertical (B). Therefore, Γ(M; F) is a dg module over C ∞ (M).
Such a dg Lie algebroid is called a Fedosov dg Lie algebroid associated to the Lie pair (L, A).
Next, we will identify the space of polyvector fields on the Fedosov dg Lie algebroid F over M.
Set T k poly := Γ(Λ k+1 B), and let T k poly denote Γ(B; Λ k+1 T vertical B), the space of formal vertical (k + 1)-vector fields on B. It is clear that T
Since F is a dg Lie subalgebroid of
Applying Proposition 2.3 to the Fedosov dg Lie algebroid F → M, we obtain the following
Gerstenhaber algebra, whence a dgla structure.
Finally, we consider the space of polydifferential operators on the Fedosov dg Lie algebroid F over M.
Let D k
poly denote the space of formal vertical (k + 1)-polydifferential operators on the vector bundle B, and
There exists a canonical isomorphism
In terms of local dual frames {χ i } i=1,...,r , {∂ j } j=1,...,r of B ∨ and B respectively, and the corresponding local frames {χ I } I∈N r , {∂ J } J∈N r ofŜ(B ∨ ) and S(B) respectively, the isomorphism ϕ sends
k+1 factors ) to the polydifferential operator
The algebra of functions
poly . It is simple to see that the universal enveloping algebra
poly , which is a dg Hopf algebroid over
Since F is a dg Lie subalgebroid of T M , the subspace U(F) (
Next, we consider two different choices j 1 , ∇ 1 and j 2 , ∇ 2 of a splitting of the short sequence 0 → A → L → B → 0 and a torsion free L-connection on B extending the Bott A-connection, together with the induced homological vector fields Q 1 , Q 2 on M. 
It is straightforward to check that ψ ∨ * is compatible with the Gerstenhaber bracket of polydifferential operators, and in fact that id ⊗ψ
We shall need the following lemma.
Lemma 2.10. Under the identification ϕ from (11), the isomorphism ψ
Proof. In terms of local frames {χ I } I∈N r , {∂ J } J∈N r ofŜ(B ∨ ) and S(B) respectively, the isomorphisms ψ : Γ(SB) → Γ(SB), ψ ∨ : Γ(ŜB ∨ ) → Γ(ŜB ∨ ) are given by
where the ψ I J are smooth functions on the base manifold M (more precisely, on the open subset U ⊂ M on which the local frames are defined).
poly be respectively the polydifferential operators defined by
For all I, J, K ∈ N r , we have
The partial order ≺ on N r is defined as follows:
It follows that, for all χ I 0 , . . . , χ I k ∈ Γ(ŜB ∨ ),
This concludes the proof of the lemma.
L ∞

Dolgushev-Fedosov contraction and L
The following diagram commutes:
Since the vector field δ on L[1] ⊕ B is homological, we obtain the cochain complex
which admits the descending filtration
Adapting the proof of [32, Proposition 2.3], we obtain
More precisely, we have the filtered contraction
where σ , τ and h are the three maps making the following three diagrams commute:
By we denote the operator
where
is as in Theorem 2.5. Then, according to Equation (10), we have
Proposition 3.3. There exists a contraction
More precisely, we have the (filtered) contraction
The proof requires the following technical results.
Lemma 3.4. Let pr 0 denote the canonical projectionŜ(B
For all a ∈ Γ(A) and j ∈ {1, . . . , r}, we have
Proof. We have seen that, for all a ∈ Γ(A), the operator ∇ a is a derivation of Γ(Ŝ(B ∨ )), which stabilizes the filtration Γ(Ŝ n (B ∨ )). Therefore, there exist local sections θ M k of A ∨ such that
It follows that ∇ a may be regarded as a section ofŜ 1 (B ∨ ) ⊗ B:
On one hand, it follows from
On the other hand, it follows from
and the fact that ∇ a stabilizes the subspace Γ(S 1 (B)) of Γ(S(B)) that
Finally, for all a ∈ Γ(A) and b ∈ Γ(B), we have
The proof is complete.
..,rk L} denote any local frame of L and let (λ k ) k∈{1,...,rk L} denote the dual local frame of L ∨ . Likewise let (a k ) k∈{1,...,rk A} denote any local frame of A and let (α k ) k∈{1,...,rk A} denote the dual local frame of A ∨ . For all ω ∈ Γ(Λ • A ∨ ), n ∈ N, and j 0 , . . . , j n ∈ {1, . . . , r}, we have
It follows from Lemma 3.4 that
Proof of Proposition 3.3.
We proceed by homological perturbation -see [32, Lemma 2.1]. Starting from the filtered contraction of Proposition 3.2, it suffices to perturb the coboundary operator L −δ by the operator L . One checks that σ L h = 0. It follows that
and, making use of Lemma 3.5,
The result follows immediately since −δ + = Q.
It follows from the homotopy transfer theorem for L ∞ algebras [4, 16, 14, 1, 13, 5, 11, 12] applied to the contraction in Proposition 3.3 that the dgla structure carried by tot Γ(
poly . Moreover, since the retraction σ intertwines the associative algebra structures, we immediately obtain the following 
poly , the space of polydifferential operators on the Fedosov dg Lie algebroid F. Since F is a dg Lie subalgebroid of the tangent bundle
We also have the following
Proof. It suffices to verify that the diagrams
is a double complex.
Its total complex
We note that, since pbw : Γ(S(B)) → D 0 poly is an isomorphism of R-coalgebras,
is an isomorphism of cochain complexes of R-modules.
The following proposition can be easily verified.
More precisely, we have the filtered contraction
where σ , τ and h are the three maps making the following three diagrams (involving the map ϕ defined in (11)) commute:
commutes.
Sketch of proof.
We have , m = 0 because, for every l ∈ Γ(L), the operator i l is a derivation for the
It follows from Proposition 3.10 and Lemma 3.12 that Indeed, the operator , − is a perturbation of the filtered complex
We have a contraction
More precisely, we have the (filtered) contraction
The proof requires the following technical results. On one hand, it follows from
..,rk L} denote any local frame of L and let (λ k ) k∈{1,...,rk L} denote the dual local frame of L ∨ . Likewise let (a k ) k∈{1,...,rk A} denote any local frame of A and let (α k ) k∈{1,...,rk A} denote the dual local frame of A ∨ . For all ω ∈ Γ(Λ • A ∨ ), n ∈ N, and J 0 , . . . , J n ∈ N r 0 , we have
It follows from Lemma 3.14 that
Hence, we conclude that
Proof of Proposition 3.13. We proceed by homological perturbation -see [32, Lemma 2.1] . Starting from the filtered contraction of Proposition 3.11, it suffices to perturb the coboundary operator −δ + m, − by the operator , − . One checks that σ • , − • h = 0. Therefore, we obtain
and, making use of Lemma 3.15,
Applying Proposition 2.9 and the homotopy transfer theorem for L ∞ algebras to the contraction in Proposition 3.13, we obtain an induced L ∞ algebra structure on tot Γ(Λ • A ∨ )⊗ R D • poly . Moreover, since the retraction σ intertwines the dg associative algebra structures on tot Γ(
poly (see Lemma 1.2), we immediately obtain the following 
Uniqueness of the L ∞ structure. A priori, the Gerstenhaber algebra structures on H Let j 1 , ∇ 1 and j 2 , ∇ 2 be two choices of a splitting and a connection. Each choice j i , ∇ i (with i ∈ {1, 2}) determines a homological vector field
, and a Fedosov-Dolgushev contraction
as in Proposition 3.13.
Together with an L ∞ algebra structure
with linear partsτ ,i and σ ,i respectively. Moreover, recall the isomorphism of dglas
poly , Q 2 +m, − , −, − defined at the end of Section 2.3.
In particular, the two induced L ∞ algebra structures on tot Γ(
we need to show that this composition is the identity map. This implies that the above is in fact an L ∞ isomorphism (since an L ∞ morphism is invertible if and only if so is its linear part), and that the induced Lie brackets on cohomology coincide.
Finally, recall the identification ϕ from (11) , and the commutative diagram
(recall that ψ = pbw 
where l ξ denotes the fiberwise linear function A a → ξ|a ∈ R on A.
The vector bundle A ⊕ B → A, whose space of sections is naturally identified to
, admits a natural Lie algebroid structure with anchor map
and Lie bracket
Similarly, the vector bundle A ⊗ B → B admits a natural Lie algebroid structure. 
2) The source and target maps
is precisely the Chevalley-Eilenberg differential of the Lie algebroid A with coefficients in U(B).
Here the A-module structure on U(B) follows from the canonical identification of U(B) with
-the Lie algebroid A acts on the latter by multiplication from the left. (4) The comultiplication ∆ is defined by the commutative diagram
where ∆ U (B) : U(B) → U(B) ⊗ R U(B) denotes the comultiplication of the Hopf algebroid U(B)
[38].
It is clear that under the identification U(B) ∼
. And the differential Q : U(B) ⊗k+1 → U(B) ⊗k+1 becomes the Chevalley-Eilenberg differential
Here the A-module structure on U(B) ⊗k+1 is the natural extension of the A-module structure on U(B). Since L = A B is a matched pair, the covariant differential
-compare with [32, Proposition 1.6 (3)]. Indeed, we have
is the Chevalley-Eilenberg differential for the Lie algebroid A corresponding to the Bott representation of A on Λ • B ∨ ⊗ŜB ∨ , while
is the covariant differential corresponding to the B-connection ∇ Bott ⊗id + id ⊗∇ 1,0 on Λ • A ∨ ⊗ŜB ∨ . Here ∇ 1,0 denotes the B-connection on B obtained by restriction of the L-connection ∇ on B. We also need the following 
One checks directly using Equations 12 and (15) From Lemma 3.26, it follows that α = 0. Equation (20) 
